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Second part: sketch

© Introduction to the Extended Reversed Compound
Agent Theorem (ERCAT) [Harrison '04a]

@® Applications for cooperations of pairs of automata
which do not yield structural conditions of RCAT are
shown

©® Special attention is devoted to queueing networks with
finite capacity and blocking
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Andrea Marin A system in Boucherie’s product-form

Motivations

Q1 Q2
) * )\2 m
~ "/"

Two exponential queues Q; and (» with independent
Poisson arrival streams with rate A1 and \»

Service rates are p1 and pp

If one of the queues enters in state 0 the other one is
blocked (i.e. no arrivals or service completions occur)

The model is known to be in Boucherie’s product-form
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Process representation

Motivations (d,zq) (d. zq)
The theorem

Running
example

@

Networks with
blocking

Negative
customers
and finite
capacity
queues

Conclusion

Q2

(a,24) (a,2q)

Are (G)RCAT structural conditions satisfied?
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Process representation

Motivations (d,zq) (d. zq)
The theorem

Running
example

@

Networks with
blocking

Negative
customers
and finite
capacity
queues

Conclusion

Q2

(a,24) (a,2q)

Are (G)RCAT structural conditions satisfied? NO!
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The theorem
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A remark about reversed rates

Consider two states n; and n; of cooperating automaton
S

Assume that there exists an active transition from n; to
n; labelled by a with rate v and that in n; this is the only
incoming transition with this label

(G)RCAT requires to compute the value of:

_ m(n)
=
m(ny)
K5 may be interpreted as the rate of the transition from

n; to n; in the reversed process of S

We refer to K, as the reversed rate of transitions
labelled by a
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The theorem

Andrea Marin

Joint state space

o ERCAT requires to check a rate equation for each state
of the irreducible subset of the joint process

e Often, states can be opportunely clustered and hence
the computation becomes feasible

e The computational complexity is higher than the
standard (G)RCAT

o Let (s1,s2) be a state of the irreducible subset of the
joint process
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Fundamental definitions

The theorem

o P(s1:%2)=: outgoing passive labels from sy or s,
(s1:%2)¢: incoming passive labels into sy or s,

(s1.2)=: outgoing active labels from sy or s,

(s1:%2)¢: incoming active labels into sy or s,

o al51:%2)(a): rate of active transition labelled by a
outgoing from (s1, S2)

P
e A
A

. B(S“sz)(a): reversed rate of the passive transition
labelled by a incoming into (s1, S2)
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ERCAT formulation

T Theorem (ERCAT)
Given two models Q; and Q. in which RCAT structural
conditions are not satisfied but the reversed rates of the
active transitions are constant, their cooperation is in
product-form if the following rate equation is satisfied for
each state (sy, sp) of the irreducible subset of states of the

jfoint process:
>, Xa— ), X
acp(s1:52)= ac Als1:52)<
3(s1,52) (s1,82)
- > ey
3673(51 ,32)<—\A(s1 ,80)<— aeA(S1 182) = P(81:82) >
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Motivations
The theorem () )
Running
example
Networks with Q@ Q2
blocking
::\lueggmleers (a, 1) (b, p2)
and finite
it
quecss. PO — 1} 400« _ (5 p
Conclusion
PO  fOO= _ 11 40— PO _ 1o 4}
Note that:
0,0 0,0
Xa =M, afY =y, xp = Az,ag Y=
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Motivations
The theorem () )
Running
example
Networks with Q@ Q2
blocking
::\lueggmleers (a, 1) (b, p2)
and finite
it)
ueves PO — 1} 400« _ (5 p
Conclusion
PO AOO= — 11 400 pOO= _ fc g}
Note that:
0,0 0,0
Xa =M, af% =y, xp = Az,ag Y=
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(¢, )

Running
example

Q2

(a,zq)

P(O,n)—> — {a7 C} A(O7n)<_ = {a’ b7 d}
PO 4O _ {c} A= pOn)— — (b, d}

—(0,n 0,n 0,n
Xa+ X — Xa—Xp— Xg = By — af>™ — {0

Note that:

707 , ,
= pg, B b M =

Xp = A2, Xc = p1, Xg =, a7 = pg, oy
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(¢, )

Running
example

Q2

(a,zq)

P(O,n)—> — {a7 C} A(O7n)<_ — {a’ b7 d}
PO 4O _ {c} A= pOn)— — (b, d}
Xa+ Xo — Xa— Xp — Xg = By — ol — o{OMoKk|
Note that:

707 , ,
= pg, B b M =

Xp = A2, Xc = p1, Xg =, a7 = pg, oy
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State (m,n), m,n>0

(d,zq) (c.ze)

Running
example

Q2

(b, ) (a,zq)

pmn= — (g b c,dy  AM™NC = {a b c d}
P(m,n)<— ~ A(m,n)<— — {} A(m,n)—> ~ P(m,n)—> _ {}
0=0

Note that states (m, 0) with m > 0 are similar to (0, n),
n>0.
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Conclusion of the running example

Running
example

The model, as expected, is in product-form:

m n
#(m, n) (M) (AZ>
% H2
Note that state (0, 0) is either the only ergodic state or

does not belong to the irreducible subset

Hence, the normalising constant distinguishes this
solution from the case of independent queues

Every Boucherie’s product-form with full blocking can
be studied by ERCAT [Harrison '04a]
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Queues with finite capacity and Repetitive
Service (RS) blocking

Networks with

blocking e We consider a network of queues, Qy, ..., Qy with
finite capacity B; and service rate y;

At ajob completion at Q; the customer goes to Q; with
probability P;. If Q; if saturated the customer service is
restarted and a new target station is selected at job
completion

e In open networks ), is the arrival rate at Q; and
customers leave the system with probability 1 — Z/ Pj.
Arrivals at saturated queues are not allowed
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Motivations
The theorem

Running
example
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blocking

Negative
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and finite
capacity
queues

Conclusion

(1 =p)m (I=p)m

(1= q)p2 (I =q)p2

Andrea Marin University of Venice




Motivations The theorem Running example Networks with blocking Negative customers and finite capacity queues Conclusion

Andrea Marin Notes

o Differently from ordinary queueing networks we use
active transitions to model synchronised arrivals and

e passive to model synchronised departures
e Which states shall we consider?
O (0,0
® (0, K) with 0 < K < B, (and symmetrically we obtain
(K,0) with0 < K < By)
e (07 BZ)
O (K, B,) with 0 < K < B; (and symmetrically we obtain
(0, K) with 0 < K < By)
O (B, 5)
o Note that a&”) = qup, ag") = pp4 and also Bg") = B,

and Bg") =B
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(a, qua)

@1 Q2

(b7 27b)
(1 =p)m (1= q)pu2

POB)= — fa1 AOB)— — (p)
AQB)= (pOB)= — 1 pl0B)e  gOB)- — 1y

Xa— Xp=0= X3=Xp

(1)
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Andrea Marin State (O, K)

A2 (b, pp1)

Networks with

blocking Q2

(1 —q)pu2

(1 -p)m

POKI> — {a} ACK = (b}
ACK)= (pOK)= — rpr pOK)I=  fOK)— — g1

—(0,K 1) —
xa—xo =By " — a0 L 5y — o )
By symmetry, state (K, 0) gives 8, = ap
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Andrea Marin State (O, 0)

A1

(a,qp2)
Networks with

blocking
(o
(1-p) (1=
7;,(0,0)—> =0 A0.0)— — ={}
A= (PO — (g b} PO ACDE = (4 b}
0,0) 0,0)
500 500 _ (00, 00

which is a consequence of (2)
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Networks with
blocking

Andrea Marin

States (K, Bg) and (B1,K), (B1, Bg)

Ao
(b, pa

Q1 Q2

a,Tq)
(1= q)us

e For these states we have:
° P(’)_) — {a’ b}
o AL ={a b}
e Since all the synchronising labels are present in both
these sets, the rate equation for these states is an
identity.
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Andeatiarm Conditions derived from the ERCAT rate
equations
Networks with Xa = Xb
blocking _
Bp = aa = quz
Ba= ap=pu
The process analysis gives:
5, = Xo(M +que) 5 Xa(A2 + pu1)
P+ (1 =Pt T Xa+ (1 - q)u2
From which we straightforwardly derive:
o= = DPmpe (1= P)qup2 3)
Ao A
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Product-form rate condition
Since x; = xp by (1) we have the product-form rate
condition:
Networks with (1 B p)q)\Z = (1 B q)p)\1
plocking Under this assumption expressions (3) for xa, X, satisfies:
v = G0+ (A =pui)grz - (Xa+ (1 - q)u2)pps

a=— b=

A1+ Que A2 + Pp

(b.pp)
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Generalisation

o ERCAT may be applied to a set of agent with pairwise
NN — cooperations (this is also known a MARCAT)

loakina « In case of QN with RS blocking and general topology in
[Balsamo et al. ’10] is proved that:
Theorem

A QN (open or closed) with finite capacity stations and RS

blocking policy with reversible routing matrix always satisfies
ERCAT rate equations.

e Product-form for reversible routing has been proved in
[Akyildiz '87]
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Ancea Marin Closed QN with RS blocking

e Consider a closed QN with RS blocking policy

. e Note that the ERCAT rate equation is an identity for
blocking. state n when none of the stations is empty in n

o We immediately have the following result:

Theorem (QN with strict non-empty condition)

A closed QN with finite capacity stations and RS blocking is
in product-form if the number of customers is such that none
of the station can be empty (strict non-empty condition)

e In [Balsamo et al. ’10] we prove that the same result for
QN in which at most one station can be empty
(non-empty condition)
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Model description
A @ P1o Ao @
\4 P20
M1
pf? 1)2+1
— +

Negative P ® pro + p12 =1
customers _
and finite ® P;} +P21 + P20 = 1
capacity
queues

e Exp. service times with parameters p1 and o
Independent Poisson arrival processes

A customer leaving Q. may:
¢ leave the system with pr. pog
* enter Q; as a standard customer with pr. pj,
e delete a customer in Q with pr. p,,
While @ is saturated, customers from Qq are deleted with rate e
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Motivations

The theorem

Running =T (0;11142113—1) -
example ST T T -
Networks with Q1
blocking }
S mpo -7,

Negative R -
customers Ty 4
and finite (ayy, 715) _- <
capacity T~

queues (ag;,571)
Conclusion

Q2

(azy, p2pa1) (g1, 2pay)
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Observe that label a,, does not change ERCAT rate

condition:
e a,, exits from every state of Q; (passive):

— 51,8
Nege a; € PO 0< s <B0<s<B
customers _ . .
e fififte e a,, enters into every state of Q (active):
capacity 21
queues

ay, € AR 0<5 <B,0<85<B;

ERCAT rate condition:
2, Kam D, X
acp(s1:82)— ac A(51,52)«
3(s1.52) (51,52)
= a0 DL o
acP(81:82) _A(s1:52) ac Al81:52)—  p(s1:82)—
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We still have x;, = x3;, where:

Jr
X = Lﬁ(#zpzo + X3, + pi2pPay)
A2 + p11 Py
Negative +
H2p —
o Go= P (uipio + i + )
caSaIcit:/ 21 )\1 + MQ:O;_‘] 12 2
queues
_ 2Py
Xy = (A2 + p1py5)

12P5y + X3 + p2P20

After some algebra we derive the condition:

- A2 Po;
)\1:0?_2(1 —,021)2)\2,0;_1 p10+/j1_2;)3_1
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Explicit expressions of x5, X5, X5, €

« We derive the expressions for x3; = x5 and x5;:

+ —
Negative X+ _ 'u2p21 + A2p21
customers 21 - /\ 24 p1 0 1 +
and finite 1 — p21
capacity
queues b\ —
_ 2P
Xy = L2
1= pa;

e Constant reverse rates of the active transitions:

€ = Xy
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e Product-form expression:

Negative )\ + ny
customers
and finite (M, N2) 1+ Mip21
it —
Zﬁﬁﬁisy H1P10 + X{5 + Xoq
m
+
A2 + 1Py,

1i2P20 + X3 + 1125,

forO<n <B;and0<n < B,
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Andrea Marin Final remarks

¢ In the second part of the tutorial we have shown how to
overcome some limitations of original RCAT and
GRCAT formulation

¢ In case structural conditions of (G)RCAT are not satisfy
we may apply ERCAT

e Application of (G)RCAT or ERCAT may be done
algorithmically, however the computational cost of
ERCAT is higher than that of (G)RCAT

Conclusion
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e Other models than those presented here may be
studied by RCAT and its extensions (e.g. product-form
Stochastic Petri Nets)

e New product-form may be derived

e The solution of the traffic equations may be efficiently
Canclusion computed by means of the algorithm presented in
[Marin et al. "09]

e Numerical and iterative algorithm

e Product-form of models expressed in terms of different
formalisms may be derived.
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Appendix: Reversible routing matrix

Consider a queueing network with N stations and fixed
routing probability matrix P = [p;], 1 <i,j <N

Pio is the probability of leaving the network after a job
completion at station i

e;j is the (relative) visit ratio to station i

\j is the arrival rate at station /

Conclusion

Definition (Reversible routing matrix)
The routing matrix P is said reversible if:

<iLj<N
<i<N

€ipjj = €jpPji for 1
A= €iPio for 1
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