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Abstra t
Re ent logi programming languages employ dynami s heduling of
alls to improve eÆ ien y of programs. Dynami s heduling is realized by
allowing some alls to be dynami ally \delayed" until their arguments are
suÆ iently instantiated. To this end, logi languages are extended with
onstru ts su h as
.
However, many de larative properties that hold for logi and pure
Prolog programs do not apply any longer in this extended setting. In
parti ular, the equivalen e between the model-theoreti and operational
semanti s does not hold.
In this paper, we study the lass of
programs. Firstly,
we argue that input- onsuming logi programs are suitable for modeling
programs employing delay de larations. Se ondly, we show that { under
some synta ti restri tions { the S -semanti s of a program is orre t and
fully abstra t also for input- onsuming programs. This allows us to onlude that for a large lass of programs employing delay de larations there
exists a model-theoreti semanti s whi h is equivalent to the operational
one. Thus, input- onsuming programs are shown to be the right answer
for onjugate eÆ ien y and de larativeness.
delay de larations

input- onsuming
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Introdu tion

Control in Logi Programming A ording to the widely-known and a -

epted slogan Algorithm = Logi + Control [1℄, a program an be regarded as
1

a logi spe i ation together with a ontrol me hanism for exe uting it. In this
light, one of the inspiring ideas of the logi programming paradigm is to ask
the programmer only for the logi spe i ation and leave the ontrol part to the
interpreter.
As an example of this de larative style, in Prolog, queries ( alls) an often be used in di erent manners. The well-known predi ate append reported
below, for example, an be used either to on atenate two lists or to split a
list into two parts in a nondeterministi way: the all append([a,b℄,[ ,d℄,X)
will su eed by unifying the variable X to the list [a,b, ,d℄, while the all
append(X1,X2,[a,b, ,d℄) will split the list [a,b, ,d℄ into X1 and X2.
Nevertheless, as one an expe t, if in a logi program the ontrol omponent
was totally absent, programs would be hopelessly ineÆ ient, if not divergent. To
see how the ontrol omponent omes ba k in the pi ture one has to look into the
underneath resolution pro ess. The exe ution of a logi program with respe t
to a given query onsists in building and exploring a proof tree to validate the
query. The ontrol lies thus in the way the proof tree is built (for a query there
may exist di erent proof trees) and is traversed. Prolog employs for instan e
a left-to-right sele tion rule together with a top-down lause sele tion method.
These two omponents determine the shape of the proof tree, whi h is then
traversed depth- rst.
A programmer is always aware of this methodology, and writes her programs
a ording to it. We are onvin ed that most pra ti al Prolog programs would
diverge if used in ombination with another sele tion rule.

Dynami Sele tion Rules While Prolog's rule has proven to be extremely
eÆ ient and e e tive, for many appli ation a xed sele tion rule is too limited
to be pra ti al. As an example, onsider the program APPEND and the program
IN ORDER whi h onstru ts the list of the nodes of a binary tree by means of an
in-order transversal
% append(Xs,Ys,Zs)
Zs is the result of on atenating the lists Xs and Ys
append([H|Xs℄,Ys,[H|Zs℄)
append(Xs,Ys,Zs).
append([℄,Ys,Ys).
% in order(Tree,List)
List is an ordered list of the nodes of Tree
in order(tree(Label,Left,Right),Xs)
in order(Left,Ls),
in order(Right,Rs), append(Ls,[Label|Rs℄,Xs).
in order(void,[℄).

together with the query
Q:=

read tree(Tree), in order(Tree,List), write list(List).

(we assume that the predi ates read tree and write list are de ned elsewhere
in the program). If read tree annot read the whole tree at on e { say, it
re eives the input from a stream { it would be ni e to be able to run in order
and write list on the available input. This an only be a hieved if we depart
2

from Prolog's left-to-right sele tion rule, whi h would all in order only when
read tree had nished reading the input.
However, dropping Prolog's sele tion rules poses the problem of nontermination and of eÆ ien y. In the above program, the omputation of the query
Q would immediately diverge when adopting any xed sele tion rule di erent
from Prolog's. The omputation would instead result in an enormous waste of
resour es when using fair or random sele tion rules. What we would need here is
to interleave the exe ution of the three \pro esses" in the query, in a ontrolled
manner. This an be a hieved using a dynami sele tion rule, i.e., a sele tion
rule whi h employs a runtime me hanism whi h determines whi h atoms might
be sele ted. For instan e, in the ase of the above example, a orre t omputation an be a hieved by means of the following delay de larations:
delay in order(T, ) until nonvar(T).
delay append(Ls, , ) until nonvar(Ls).
delay write list(Ls, ) until nonvar(Ls).

The semanti s of these delay de larations is rather straightforward: they forbid the sele tion of an atom of the form in order(s,t) (resp. append(s,t,u) or
write list(s,t)) unless s is a non-variable term. We an say that these statements avoid that predi ates in order, append and write list be sele ted \too
early". Noti e that with these de larations IN ORDER enjoys a parallel exe ution
by means of interleaving.
The use of a non- xed sele tion rule in ombination with the above delay
de larations is thus an example of a dynami sele tion rule. Dynami sele tion
rules have proven to be useful in a number of appli ations; among other things,
they allow one to model o-routining [2, 3℄ and parallel exe utions [4℄. A dynami sele tion rule provides the programmer with a exible ontrol over the
omputation whi h an be used to improve the eÆ ien y of programs, prevent
run-time errors and enfor e termination [5, 3℄.
Dynami sele tion rules are usually implemented by means of a me hanism
preventing the sele tion of those atoms whi h are not suÆ iently instantiated.
To this end, di erent languages use di erent onstru ts. In GHC [6℄ programs
are augmented with guards in order to ontrol the sele tion of atoms dynamially. Moded at GHC [7℄ uses an extra ondition on the input positions, whi h
is extremely similar to the on ept of input- onsuming derivation step we refer
to in the sequel: The resolution of an atom with a de nition might not instantiate the input arguments of the resolved atom. On the other hand, Godel [2℄ and
E lipse [8℄ use delay de larations like the above ones, and SICStus Prolog [9℄
employs blo k de larations (whi h are stri tly less expressive than delay de larations). Both delay and blo k de larations he k the partial instantiation of
some arguments of alls.

Limitations of the Approa h The adoption of a ontrol me hanism su h as

delay de larations omes at a pri e: Many de larative properties that have been
proven for logi and pure Prolog programs do not apply any longer. In parti ular, the well-known equivalen e between the model-theoreti and operational
3

semanti s (see [10, 11℄) does not hold. For example, the query append(X,Y,Z)
with the above delay de laration does not su eed: the atom append(X,Y,Z)
does not satisfy its delay de laration (sin e the rst argument is a variable) and
then it annot be sele ted (and resolved). In this ase we say that the query
append(X,Y,Z) deadlo ks 1 and this is in ontrast with the fa t that (in nitely
many) instan es of append(X,Y,Z) are ontained in the least Herbrand model
of APPEND. This is learly a heavy loss, sin e the equivalen e between de larative
and operational semanti s is one of the strong points of the logi programming
paradigm.

Contributions of the Paper In this paper we address the problem of providing a model-theoreti semanti s for programs using a dynami sele tion rule.
In order to do so, we need a \de larative" way of modeling them, and for this we
restri t our attention to input- onsuming programs [12℄. The de nition of inputonsuming program employs the on ept of mode : We assume that programs
are moded, that is, that the positions of ea h atom are partitioned into input
and output ones. Then, input- onsuming derivation steps are pre isely those in
whi h the input arguments of the sele ted atom will not be instantiated by the
uni ation with the lause's head.
For example, when the program APPEND reported above is used for on atenating two lists, we assume that the rst two arguments ll in input positions
while the third argument lls in an output position.
In [13℄ we showed that, assuming the above moding, for queries of the form
append(s; t; X ) (with X being a variable disjoint from s and t), the delay de laration delay append(Ls, , ) until nonvar(Ls). guarantees pre isely that if
an atom is sele table and resolvable, then it is so via an input- onsuming derivation step; onversely, in every input- onsuming derivation step the resolved atom
always satis es the given delay de laration, thus it would have been sele table
by any me hanism implementing delay de larations. This reasoning applies for
a large lass of queries and is a tually not a oin iden e: As shown by Smaus
in [14℄ for blo k de larations and further dis ussed by the authors in [13℄, one
an argue that in most situations delay de larations are employed pre isely for
ensuring that the derivation is input- onsuming. Thus, we are interested in
providing a model-theoreti semanti s for input- onsuming programs. Clearly,
many of the diÆ ulties one has in doing this for programs with delay de larations apply to input- onsuming programs as well. Intuitively speaking, the
ru ial problem originates in the fa t that input- onsuming derivations may
deadlo k2 , i.e., rea h a stadium in whi h no atom is resolvable (e.g., the query
append(X,Y,Z)). Be ause of this, a de larative semanti s for logi programs is
generally not orre t for input- onsuming programs.
In this paper we show that, if a program is well- and ni ely-moded, then, for
ni ely-moded queries the operational semanti s provided by the input- onsuming
1 A deadlo k o urs when the urrent query ontains no atom whi h an be sele ted for
resolution.
2 As we will dis uss later, this notion of deadlo k di ers, in some way, from the usual one,
whi h is given in the ase of programs employing delay de larations.

4

resolution rule is orre t and omplete wrt. the S -semanti s [15℄ for logi programs. The S -semanti s is a denotational semanti s whi h { for programs without delay de larations { orre tly denotes the set of the omputed answer substitutions asso iated with the most general atomi queries, i.e., queries of the form
p(x1 ; : : : ; xn ) where x1 ; : : : ; xn are distin t variables. Moreover, the S -semanti s
is ompositional and an be also viewed as a model-theoreti semanti s, and it
orresponds to the least xpoint of a ontinuous operator. Summarizing, we
show that the S -semanti s of a program is ompositional, orre t and fully
abstra t also for input- onsuming programs, provided that the programs onsidered are well- and ni ely-moded, and that the queries are ni ely-moded.
This paper is organized as follows. The next se tion ontains the preliminary notations and de nitions. In Se tion 3 we dis uss the relation between
input- onsuming derivations and programs using delay de larations. Se tion 4
ontains the main results and some examples. In Se tion 5 we show how the
semanti s for input- onsuming derivations we present an be used for reasoning
about deadlo k of programs using delay de larations. Finally, Se tion 6 onludes the paper. Some proofs are reported in the Appendix.
A preliminary, shorter version of this paper has appeared in [16℄.
2

Preliminaries

In this paper we onsider de nite logi programs and assume the reader is familiar with the terminology and the basi results of the semanti s of de nite logi
programs (see, for instan e, [17, 11, 18℄). Here we adopt the notation of [11℄ in
the fa t that we use boldfa e hara ters to denote sequen es of obje ts; therefore
t denotes a sequen e of terms while B is a query (noti e that { following [11℄ {
queries are simply onjun tions of atoms, possibly empty). We denote atoms by
A; B; H; : : : ; queries by Q; A; B; C; : : : ; lauses by ; d; : : : ; and programs by P .
The empty query is denoted by .
2.1

Substitutions and Derivations

For any synta ti obje t o, we denote by Var (o) the set of variables o urring in
We also say that o is linear if every variable o urs in it at most on e. Given
a substitution  and a synta ti obje t E , we denote by jE the restri tion of
 to the variables in Var (E ), i.e., jE (X ) =  (X ) if X 2 Var (E ), otherwise
jE (X ) = X . If  = fx1 =t1 ; : : : ; xn =tn g we say that fx1 ; : : : ; xn g is its domain (denoted by Dom ( )) and that Var (ft1 ; : : : ; tn g) is its range (denoted
by Ran ( )) Noti e that Var ( ) = Dom ( ) [ Ran ( ). If ft1 ; : : : ; tn g onsists of
variables then  is alled a pure variable substitution. If, in addition, t1 ; : : : ; tn is
a permutation of x1 ; : : : ; xn then we say that  is a renaming. The omposition
of substitutions is denoted by juxtaposition (x = (x) ). We say that a term
t is an instan e of t0 i for some  , t = t0  , further t is alled a variant of t0 ,
written t  t0 , i t and t0 are instan es of ea h other. A substitution  is a
o.
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uni er of terms t and t0 i t = t0 . A most general uni er (mgu, in short) of t
and t0 is unique, up to renaming; we denote it by mgu(t; t0 ). An mgu  of terms
t and t0 is alled relevant i Var ()  Var (t) [ Var (t0 ). The de nitions above
are extended to other synta ti obje ts in the obvious way.
Computations are sequen es of derivation steps. The non-empty query Q :=
A; B; C and a lause := H B (renamed apart wrt. Q) yield the resolvent
(A; B; C), provided that  = mgu(B; H ). A derivation step is denoted by

A; B; C =)
P; (A; B; C):

is alled its input lause, and B is alled the sele ted atom of q . A derivation
is obtained by iterating derivation steps. A maximal sequen e
Æ

1
:= Q0 =)
P;

1

   Qn =n) P; n


alled a SLD-derivation of P [fQ g provided that for eve-

Q1

2
=)
P;

+1

2

+1

Qn+1

of derivation steps is
0
ry step an appropriate renaming of the input lause is used, so that to satisfy
the standardization apart ondition: The input lause employed at ea h step is
variable disjoint from the initial query Q0 and from the substitutions and the
input lauses used at earlier steps. If the program P is lear from the ontext or
we are not interested in the spe i input lauses or mgu's used, then we drop
the referen e to them. A SLD-derivation in whi h at ea h step the leftmost
atom is resolved is alled a LD-derivation.
n
1
Derivations an be nite or in nite. If Æ := Q0 =)
P; 1    =)P; n Qn is a
nite pre x of a derivation, also denoted Æ := Q0 ! Qn with  = 1    n , we
say that Æ is a partial derivation of P [fQ0 g. If Æ is maximal and ends with the
empty query then the restri tion of  to the variables of Q is alled its omputed
answer substitution ( .a.s., for short). The length of a (partial) derivation Æ ,
denoted by len (Æ ), is the number of derivation steps in Æ .
We re all the notion of similar SLD-derivations.

De nition 2.1 (Similar Derivations) We say that two SLD-derivations Æ
and Æ 0 are alled similar (Æ  Æ 0 ) if (i) their initial queries are variants of ea h
other; (ii) they have the same length; (iii) for every derivation step, atoms in
the same positions are sele ted and the input lauses employed are variants of
ea h other.
The following results hold.
be a partial SLD-derivation of P [fQ1 g and Q01
0
be a variant of Q1 . Then, there exists a partial SLD-derivation Æ 0 := Q01 ! Q02
of P [ fQ01 g su h that Æ and Æ 0 are similar.

Lemma 2.2 Let Æ := Q1

!Q



2

Lemma 2.3 Consider two similar partial SLD-derivations Q
Then Q and Q0 are variants of ea h other.

6

0

!Q0 and Q !Q00 .



2.2

Input-Consuming Derivations

Amode is a fun tion that labels as input or output the positions of ea h predi ate
in order to indi ate how the arguments of a predi ate should be used.

De nition 2.4 (Mode) Consider an n-ary predi ate symbol p. By a mode for

p

we mean a fun tion mp from f1; : : : ; ng to fIn ; Out g.

If mp (i) = In (resp. Out ), we say that i is an input (resp. output ) position
of p (with respe t to mp ). We assume that ea h predi ate symbol has a unique
mode asso iated to it; multiple modes may be obtained by simply renaming the
predi ates. If Q is a query, we denote by In (Q) (resp. Out (Q)) the sequen e of
terms lling in the input (resp. output) positions of predi ates in Q. Moreover,
when writing an atom as p(s; t), we are indi ating with s the sequen e of terms
lling in the input positions of p and with t the sequen e of terms lling in the
output positions of p.
The notion of input- onsuming derivation was introdu ed by Smaus in [12℄
and is de ned as follows.

De nition 2.5 (Input-Consuming)
 A derivation step A; B; C =) (A; B; C) is alled input- onsuming i
In (B ) = In (B ).



A derivation is alled input- onsuming i all its derivation steps are inputonsuming.

Thus, a derivation step is input- onsuming if the orresponding mgu does
not a e t the input positions of the sele ted atom.

Example 2.6 Consider the following program REVERSE using an a umulator.
reverse(Xs,Ys)
reverse a
reverse a

reverse a (Xs,Ys,[ ℄).

([ ℄,Ys,Ys).
([X|Xs℄,Ys,Zs)

reverse a (Xs,Ys,[X|Zs℄).

When used for reversing a list, the natural mode for this relation symbol is
mode reverse(In,Out).
mode reverse a (In,Out,In).

Consider now the query reverse([X1,X2℄,Zs). The following derivation starting in reverse([X1,X2℄,Zs) is input- onsuming (as usual,  denotes the empty
query).
reverse([X1,X2℄,Zs)

=)
=)
=)

reverse a ([X1,X2℄,Zs,[ ℄)
reverse a ([X2℄,Zs,[X1℄)
reverse a ([ ℄,Zs,[X2,X1℄)

7

=)
=)
=)



The following result states that also when onsidering input- onsuming derivations, it is not restri tive to assume that all mgu's used in a derivation are
relevant.

Lemma 2.7 Let p(s; t) and p(u; v) be two atoms. If there exists an mgu  of
p(s; t) and p(u; v) su h that s = s then there exists a relevant mgu # of p(s; t)
and p(u; v) su h that s# = s.
Proof. Sin e p(s; t) and p(u; v) are uni able, there exists a relevant mgu rel
of them (see [11℄, Theorem 2.16). Now, rel is a renaming of . Thus srel is a
variant of s. Then there exists a renaming  su h that Dom ()  Var (s; t; u; v)
and srel  = s. Now, take # = rel .
From now on, we assume that all mgu's used in the input- onsuming derivation steps are relevant.
2.3

The

S -semanti

s

The aim of the S -semanti s approa h (see [19℄) is modeling the observable behaviors for a variety of logi languages. The observable we onsider here is the
omputed answer substitutions. The semanti s is de ned as follows:

S (P ) = f p(x ; : : : ; xn ) j
1

are distin t variables and

p(x1 ; : : : ; xn ) !P  is a SLD-derivationg:

x1 ; : : : ; x n

This semanti s enjoys all the valuable properties of the least Herbrand model.
Te hni ally, the ru ial di eren e is that in this setting an interpretation might
ontain non-ground atoms. To present the main results on the S -semanti s we
need to introdu e two further on epts: Let P be a program, and I be a set of
atoms.



The immediate onsequen e operator for the S -semanti s is de ned as:
TPS (I )

= f H

j 9H B2P
9 C 2 I; renamed apart

3





I

= mgu(B; C)

wrt. H; B

g:

is alled an S -model of P if TPS (I )  I .

Falas hi et al. [15℄ showed that TPS is ontinuous on the latti e of term interpretations, that is sets of possibly non-ground atoms, with the subset-ordering.
They proved the following:

 S (P ) = least S -model of P = TPS " !.

3 Here and in the sequel, when we write \C 2 I , renamed apart wrt. some expression e",
we naturally mean that I ontains a set of atoms C10 ; : : : ; Cn0 , and that C is a renaming of
0
0
C1 ; : : : ; Cn su h that C shares no variable with e and that two distin t atoms of C share no
variables with ea h other.
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Therefore, the S -semanti s enjoys a de larative interpretation and a bottomup onstru tion, just like the Herbrand one. In addition, we have that the
S -semanti s re e ts the observable behavior in terms of omputed answer substitutions, as shown by the following well-known result.

Theorem 2.8 [15℄ Let P be a program, A be a query, and  be a substitution.
The following statements are equivalent.




There exists a SLD-derivation A

!P , where A#  A.

#

There exists A0 2 S (P ) (renamed apart wrt. A), su h that  = mgu(A; A0 )
and A  A.

Example 2.9 Let us see this semanti s applied to the programs APPEND and

REVERSE so far en ountered.

 S (APPEND) = f
 S (REVERSE) = f

2.4

append([℄,X,X),
append([X1℄,X,[X1|X℄),
append([X1,X2℄,X,[X1,X2|X℄),

:::

g.

reverse([℄,[℄),
reverse([X1℄,[X1℄),
reverse([X1,X2℄,[X2,X1℄),

:::

reverse a ([℄,X,X),
reverse a ([X1℄,X,[X1|X℄),
reverse a ([X1,X2℄,X,[X2,X1|X℄),

:::

g.

Well- and Ni ely-Moded Programs

Clearly, also in presen e of modes, the S -semanti s does not re e t the operational behavior of input- onsuming programs (and thus of programs employing
delay de larations). In fa t, if we onsider the extension of APPEND obtained by
adding the following lause to it
q

append(X,Y,Z).

we have that q belongs to the semanti s but the query q will not su eed (sin e
the atom append(X,Y,Z) is not resolvable via an input- onsuming derivation
step). In order to guarantee that the semanti s is fully abstra t (wrt. the omputed answer substitutions) we need to restri t the lass of allowed programs
and queries. To this end we introdu e the on epts of well-moded and of ni elymoded programs.
The on ept of well-moded program is due to Dembinski and Maluszynski [20℄.

9

De nition 2.10 (Well-Moded)



A query p1 (s1 ; t1 ); : : : ; pn (sn ; tn ) is well-moded if for all i 2 [1; n℄
Var (si ) 



A lause p(t0 ; sn+1 )
2 [1; n + 1℄

i

j

j =1

p1 (s1 ; t1 ); : : : ; pn (sn ; tn )

Var (si ) 



[ Var (t ):

i 1

[ Var (t ):

is well-moded if for all

i 1

j

j =0

A program is well-moded if all of its lauses are well-moded.

Thus a query is well-moded if every variable o urring in an input position
of an atom o urs in an output position of an earlier atom in the query. A lause
is well-moded if (1) every variable o urring in an input position of a body atom
o urs either in an input position of the head, or in an output position of an
earlier body atom; (2) every variable o urring in an output position of the head
o urs in an input position of the head, or in an output position of a body atom.
The on ept of ni ely-moded programs was rst introdu ed by Chadha and
Plaisted [21℄.

De nition 2.11 (Ni ely-Moded)
 A query p1 (s1 ; t1 ); : : : ; pn(sn ; tn ) is alled ni ely-moded if t1 ; : : : ; tn is a
linear sequen e of terms and for all i 2 [1; n℄
Var (si ) \



A lause p(s0 ; t0 )
is ni ely-moded and

n

j

j =i

p1 (s1 ; t1 ); : : : ; pn (sn ; tn )

Var (s0 ) \



[ Var (t ) = ;:
is ni ely-moded if its body

[ Var (t ) = ;:
n

j

j =1

A program P is ni ely-moded if all of its lauses are ni ely-moded.

Note that an atomi query p(s; t) is ni ely-moded if and only if t is linear and
Var (s) \ Var (t) = ;.

Example 2.12 Programs APPEND and REVERSE are both well- and ni ely-moded.
Furthermore, onsider the following program PALINDROME
palindrome(Xs)
reverse(Xs,Xs).
mode palindrome(In).
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together with the program REVERSE with the modes reverse(In,Out) of Example 2.6. This program is well-moded but not ni ely-moded (sin e Xs o urs both
in an input and in an output position of the same body atom). However, sin e
the program REVERSE is used here for he king whether a list is a palindrome, its
natural modes are reverse(In,In) and reverse a (In,In,In). With these
modes, the program PALINDROME is both well-moded and ni ely-moded.
3

Input-Consuming vs. Delay De larations

There is a main di eren e between the on ept of delay de laration and the one
of input- onsuming derivation: While in the rst ase only the atom sele tability
is ontrolled, in the se ond one both the atom and the lause sele tability are
a e ted. In fa t, in presen e of delay de larations, if an atom is sele table
then it an be resolved with respe t to any program lause (provided it uni es
with its head); on the ontrary, in an input- onsuming derivation, if an atom is
sele table then it is input- onsuming resolvable with respe t to some, but not
ne essarily all, program lauses, i.e, only a restri ted lass of lauses an be used
for resolution.

Example 3.1 Consider the following pie e of program where the predi ate

generate generates a list formed by the onstant a and variables, arbitrarily

mixed.

generate-sele t
generate([a|Xs℄)
generate([ |Xs℄)
generate([ ℄).

generate(Xs), sele t(Xs).
generate(Xs).
generate(Xs).

mode generate(Out).
mode sele t(In).

Then, suppose we would like to de ne the predi ate sele t, used in the
body of generate-sele t, with the following behavior: It non-deterministi ally
hooses to all the program first- hoi e or the program se ond- hoi e, if the
generated list starts with the onstant a; it deterministi ally alls the program
se ond- hoi e, if the rst element of the list is a variable, and fails on the
empty list.
We an obtain this behavior with an input- onsuming program, de ned as
follows.
sele t([a|Xs℄)
sele t([X|Xs℄)

first- hoi e.
se ond- hoi e.

In fa t, for input- onsuming derivations the rst lause is sele ted only if the
rst element of the list is not a variable. Note that we annot obtain su h a
behavior by means of delay de larations.
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Also the on ept of deadlo k has to be understood in two di erent ways. For
programs using delay de larations a deadlo k situation o urs when no atom in
a query satis es the delay de larations (i.e., no atom is sele table), while for
input- onsuming derivations a deadlo k o urs when no atom in a query is
resolvable via an input- onsuming derivation step and the derivation does not
fail, i.e., there is some atom in the query whi h uni es with a lause head but
the uni ation is not input- onsuming.

Example 3.2 Consider again the predi ate sele t de ned above.



The query sele t(X ) uni es with both lause heads but it is not resolvable via an input- onsuming derivation step. This is a deadlo k situation
for input- onsuming programs.



Consider now the delay de laration
delay sele t([X| ℄) until nonvar(X).

With this delay de laration the query sele t([X jXs℄) is not sele table
and so it immediately deadlo ks. However, there is an input- onsuming
derivation obtained by unifying the query with the head of the se ond
lause.
In spite of these di eren es, we believe that in the majority of pra ti al
situations there is a stri t relation between programs using delay de larations
and input- onsuming derivations.

Example 3.3 Consider again the program REVERSE of Example 2.6 for revers-

ing a list

reverse(Xs,Ys)
reverse a
reverse a

reverse a (Xs,Ys,[ ℄).

([ ℄,Ys,Ys).
([X|Xs℄,Ys,Zs)

reverse a (Xs,Ys,[X|Zs℄).

with modes
mode reverse(In,Out).
mode reverse a (In,Out,In).

A natural delay de laration for this program is
delay reverse(X, ) until nonvar(X).
delay reverse a (X, , ) until nonvar(X).

One an easily get onvin ed that, for queries of the form reverse(t; X ), where
t is any term and X any variable disjoint from t, the above delay de larations
guarantee pre isely that the resulting derivations are input- onsuming. Furthermore, for the same lass of queries it holds that in any input- onsuming
derivation the sele ted atom satis es the above delay de larations.
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The relation between programs using delay de larations and input- onsuming
derivations is studied by Smaus in his PhD thesis [14℄. More pre isely, Smaus
proves a result that relates blo k de larations and input- onsuming derivations.
A blo k de laration is a spe ial ase of delay de laration and it is used to de lare
that ertain arguments of an atom must be non-variable when the atom is sele ted for resolution. In Chapter 7 of [14℄, Smaus shows that blo k de larations
an be used to ensure that derivations are input- onsuming.
In for e of this result and of pra ti al experien e, in the introdu tion we
have stated the laim that in most \usual" moded programs using them, delay
de larations are employed pre isely for ensuring the input- onsumedness of the
derivations. As we have already mentioned, this thesis is also substantiated by
the fa t that the on ept of input- onsuming resolution is very similar to the
sele tion me hanism employed in moded at GHC [7℄, and by the arguments in
[14℄. Nevertheless, sin e this laim is of ru ial importan e for the relevan e of
our results, now that we have formalized the notion of input- onsuming derivation we an add another argument sustaining it.
Generally, delay de larations are employed to guarantee that the interpreter
will not use an \inappropriate" lause for resolving an atom (the other, perhaps
less prominent, use of delay de larations is to ensure absen e of runtime errors,
but we do not address this issue in this paper). In pra ti e, delay de larations
prevent the sele tion of an atom until a ertain degree of instantiation is rea hed.
This degree of instantiation ensures that the atom is uni able only with the
heads of the \appropriate" lauses. In presen e of modes, we an reasonably
assume that this degree of instantiation is the one of the input positions, whi h
are the ones arrying the information.
Now, take an atom p(s; t) that it is resolvable with a lause by means of
an input- onsuming derivation step. Then, for every instan e s0 of s, we have
that the atom p(s0 ; t) is also resolvable with by means of an input- onsuming
derivation step. In other words, no further instantiation of the input positions
of p(s; t) an rule out as a possible lause for resolving it. Thus must be one
of the \appropriate" lauses for resolving p(s; t) and we an say that p(s; t) is
\suÆ iently instantiated' in its input positions to be resolved with . On the
other hand, following the same reasoning, if p(s; t) is resolvable with but not
via an input- onsuming derivation step, then there exists an instan e s0 of s,
su h that p(s0 ; t) is not resolvable with . In this ase we an say that p(s; t) is
not instantiated enough to know whether is one of the \appropriate" lauses
for resolving it.
4

Semanti s of Input-Consuming Programs

In this se tion we are going to make the link between input- onsuming programs,
well- and ni ely-moded programs and the S -semanti s: We show that the S semanti s of a program is ompositional, orre t and fully abstra t also for
input- onsuming programs, provided that the programs are well- and ni elymoded and that only ni ely-moded queries are onsidered.
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We start by demonstrating some important features of well-moded programs.
For this, we need additional notations: First, the following notion of renaming
for a term t from [11℄ will be used.
 := fx1 =y1 ; : : : ; xn =yn g is alled a renaming
for a term t if Dom ()  Var (t), y1 ; : : : ; yn are distin t variables, and (Var (t)
fx1 ; : : : ; xn g) \ fy1 ; : : : ; yn g = ;. (Note that fx1 ; : : : ; xn ; y1 ; : : : ; yng is a set of
distin t variables and  does not introdu e variables whi h o ur in t but are
not in the domain of ).

De nition 4.1 A substitution

Observe that terms s and t are variants i there exists a renaming
su h that t = s. Then, we need the following.



for

s

Notation 4.2 Let Q := p1 (s1 ; t1 ); : : : ; pn (sn ; tn ). We de ne
VIn  (Q) :=

[ fxj x 2 Var (s ) and x 62 [ Var (t )g:
i 1

n

j

i

j =1

i=1

Thus, VIn  (Q) denotes the set of variables o urring in an input position of an
atom of Q but not o urring in an output position of an earlier atom. Note also
that if Q is well-moded then VIn  (Q) = ;.
Now we an state the following te hni al result on erning well-moded programs. The proof is in the Appendix.

Lemma 4.3 Let P be a well-moded program, Q be a query and Æ := Q ! Q0
be a partial LD-derivation of P [ fQg. If jVIn  (Q) is a renaming for Q then Æ
is similar to an input- onsuming partial (LD-) derivation.

We an now prove our rst result on erning well-moded programs. Basially, it states the orre tness of the S -semanti s for well-moded, input- onsuming
programs. It an be regarded as \one half" of the main result we are going to
propose.

Proposition 4.4 Let P be a well-moded program, A be an atomi query and



be a substitution.



If there exists A0
su h that

2 S (P ) (renamed apart wrt.

A),

and



=

mgu(A; A0 )

(i) In (A)  In (A),
(ii) A  A,



then there exists an input- onsuming (LD-) derivation Æ := A
that A#  A.
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!P , su h

#

Proof. Let A0

2 S (P ) (renamed apart wrt. A) and  be a substitution su h
that the hypotheses are satis ed. By Theorem 2.8, there exists a su essful
SLD-derivation of P [fAg with .a.s. #0 su h that A#0  A. By the Swit hing
Lemma [11℄, there exists a su essful LD-derivation Æ 0 of P [fAg with .a.s. #0 .
From the hypotheses, it follows that #0jIn (A) is a renaming for A. By Lemma 4.3,
there exists an input- onsuming su essful derivation Æ := A #!P  of P
su h that Æ and Æ 0 are similar. The assertion follows from Lemma 2.3.

[ fAg

Unfortunately, the reverse impli ation of Proposition 4.4 does not hold in
general. However, it holds for a parti ular lass of programs and queries: the
ni ely-moded ones. To prove that, we need to re all some properties of ni elymoded programs from [13℄.

Lemma 4.5 Let the program P and the query Q be ni ely moded. Let Æ :=

Q ! Q0 be a partial input- onsuming derivation of P [ fQg. Then, for all

x

2 Var (Q) and x 62 Var (Out (Q)), x = x.

Note that if Q is ni ely-moded then x 2 Var (Q) and x 62 Var (Out (Q)) i
VIn  (Q). Now, we an prove that the S -semanti s is fully abstra t for
input- onsuming, ni ely-moded programs and queries. This an be regarded as
the ounterpart of Proposition 4.4.
x

2

Proposition 4.6 Let

P be a ni ely-moded program,
atomi query and  be a substitution.




If there exists an input- onsuming SLD-derivation
that A#  A,
then there exists A0 2 S (P ) (renamed apart wrt.
su h that

be a ni ely-moded

A

A),

Æ

:=

A

!P , su h

#

and  = mgu(A; A0 )

(i) In (A)  In (A),
(ii) A  A.

Proof. By Theorem 2.8, there exist A0

2 S (P ) (renamed apart wrt. A) and
a substitution  su h that  = mgu(A; A0 ) and (ii) holds. Sin e Æ is an inputonsuming derivation, it follows by Lemma 4.5 that #jIn (A) is a renaming for A.
Hen e (i) follows by the hypotheses and (ii).
We now put together the pie es provided in the previous se tions and extend
the results to arbitrary (non-atomi ) queries. The following simple result allows
us to generalize results on erning atomi queries.

Lemma 4.7 Let the program P be well- and ni ely-moded and the query Q be
ni ely-moded. Then, there exists a well- and ni ely-moded program P 0 and a

ni ely-moded atomi query A su h that the following statements are equivalent.
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There exists an input- onsuming su essful derivation Æ of
.a.s. .

P

[ fQg with

There exists an input- onsuming su essful derivation Æ 0 of P 0 [ fAg with
.a.s. .

Proof. Let new be a predi ate symbol not o urring in P . Let x be a sequen e of distin t variables ontaining pre isely VIn  (Q) and y be a sequen e
of distin t variables ontaining pre isely Var (Out (Q)). Consider now the atom
A := new (x; y), the lause := A
Q, and the program
P0

=P

[ f g:

By onstru tion, In (A) = VIn  (Q) and Var (Out (A)) = Var (Out (Q)). It is
straightforward to he k that, by the ni ely-modedness of Q, both A and are
ni ely-moded.
Moreover, by onstru tion, ea h variable of o urring in an input position
of a body atom but not o urring in an output position of an earlier atom belongs to VIn  (Q), i.e., o urs in an input position of the head, and ea h variable
o urring in an output position of a body atom also o urs in an output position
of the head. Thus, is well-moded. The thesis follows easily.
We are now ready for the main result of this paper, whi h asserts that
the de larative semanti s S (P ) is ompositional and fully abstra t for inputonsuming programs, provided that programs are well- and ni ely-moded and
that queries are ni ely-moded.

Theorem 4.8 Let

P be a well- and ni ely-moded program, A be a ni elymoded query and  be a substitution. The following statements are equivalent.

(i) There exists an input- onsuming derivation A

(ii) There exists A0
su h that

!P , su h that A#  A.

#

2 S (P ) (renamed apart wrt. A), and  = mgu(A; A0 )

(a) jVIn  (A) is a renaming for A,
(b) A  A.

Proof. It follows immediately from Propositions 4.4, 4.6 and Lemma 4.7.
Note that in ase of an atomi query A := A, we might substitute ondition
(a) above with the somewhat more attra tive ondition
(a0 ) In (A)  In (A).

Note also that, given a well- and ni ely-moded program P , the above Theorem 4.8 allows us to identify the subset Si (P ) of S (P ), de ned by

Si (P ) = f A0 2 S (P ) j 9A ni ely-moded an renamed apart wrt. A0
9 = mgu (A; A0 )
In (A)  In (A)g;
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whi h fully hara terizes the behavior of P on ni ely-moded queries. Therefore,
given two well- and ni ely-moded programs P1 and P2 , they ompute the same
answer substitutions for any ni ely-moded query i Si (P1 ) = Si (P2 ).
Let us immediately see some examples. The rst example demonstrates that
the synta ti restri tions used in Theorem 4.8 are ne essary.

Example 4.9 Consider the following program.
p(X,Y)
equal lists(X,Y), list of zeroes(Y).
equal lists([ ℄,[ ℄).
equal lists([H|T℄,[H|T'℄) equal lists(T,T').
list of zeroes([ ℄).
list of zeroes([0|T℄)

list of zeroes(T).

mode p(In,Out).
mode equal lists(In,Out).
mode list of zeroes(Out).

Note that the rst lause is not ni ely-moded sin e the sequen e of terms lling
in the output positions of the body atoms is not linear. The S -semanti s of
this program restri ted to the predi ate p ontains all and only all the atoms
of the form p(list ; list ) where list is a list ontaining only zeroes. Consider now
the atomi query A := p([X1℄; Y). There exists an input- onsuming derivation
starting in it, namely,
1
2
=)
equal lists([X1℄; Y); list of zeroes(Y)
=)
3
2
=)
=)
equal lists([ ℄; T0 ); list of zeroes([X1jT0℄)
3
4
5
=)
list of zeroes([X1℄) =)
list of zeroes([ ℄) =)

0
0
with 1 = fX=[X1℄g, 2 = fH=X1; T=[ ℄; Y=[X1jT ℄g, 3 = fT =[ ℄g, 4 = fX1=0; T1=[ ℄g,
5 = . The omputed answer substitution is  = fX1=0; Y=[0℄g. Nevertheless,
there does not exist any atom A0 2 S (P ) (renamed apart wrt. A) su h that A
and A0 unify with a most general uni er  su h that jIn (A) is a renaming for
A. This is lear from the fa t that the atoms belonging to S (P ) are all ground.
This shows that if the program is well-moded but not ni ely-moded then the
impli ation (i) ) (ii) in Theorem 4.8 does not hold.

p([X1℄; Y)

Consider now the following program.
p(X)

list(Y), equal lists(X,Y).

equal lists([ ℄, [ ℄).
equal lists([H|T℄,[H|T'℄)
list([ ℄).
list([H|T℄)

equal lists(T,T').

list(T).

mode p(In).
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mode equal lists(In, In).
mode list(Out)

This program is ni ely-moded, but not well-moded: In the last lause the variable H o urring in the output position of the head does o ur neither in an output position of the body nor in an input position of the head. The S -semanti s
of this program restri ted to the predi ate p ontains all and only all the atoms
of the form p(list ) where list is any list ontaining only distin t variables. It is
easy to see that there does not exist any input- onsuming derivation for a query
p(list ) with list being a ground list. Indeed, onsider the exe ution of the atom
A = p([0℄). A all equal lists([0℄,[H℄) is rea hed. However, it does not exist any input- onsuming derivation for the atomi query equal lists([0℄,[H℄)
with its arguments lling in both the input positions. Nevertheless, there exists
an atom A0 2 S (P ) (renamed apart wrt. A), e.g., A0 = p([X1℄), su h that A
and A0 unify with a most general uni er  su h that jIn (A) is a renaming for
A (obvious, sin e A is ground).
This shows that if the program is ni ely-moded but not well-moded then the
impli ation (ii) ) (i) in Theorem 4.8 does not hold.
The next example reports two appli ations of Theorem 4.8.

Example 4.10 Consider the program APPEND of the introdu tion with the
moding append(In,In,Out).





append([X,b℄,Y,Z) has an input- onsuming su essful derivation.

In parti ular, it has an input- onsuming derivation with .a.s. fZ=[X; bjY℄g.
This an be on luded by just looking at S (APPEND), from the fa t that
A = append([X1,X2℄,X3,[X1,X2|X3℄) 2 S (P ).
Note that append([X,b℄,Y,Z) is - in its input position - an instan e of A.
append(Y,[X,b℄,Z) has no input- onsuming su essful derivations.

This is be ause there is no A 2 S (P ) su h that append(Y; [X; b℄; Z) is an
instan e of A in the input position. This a tually implies that { in presen e
of delay de larations { append(Y,[X,b℄,Z) will eventually either deadlo k
or run into an in nite derivation; we are going to talk more about this in
the next Se tion.

Note that the results we have provided hold also in the ase that programs are
permutation well- and ni ely-moded and queries are permutation ni ely-moded
[22℄, that is programs whi h would be well- and ni ely-moded after a permutation of the atoms in the bodies and queries whi h would be ni ely-moded
through a permutation of their atoms.
5

An Appli ation: Reasoning about Deadlo k

In this se tion we onsider again programs employing delay de larations.
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An important onsequen e of Theorem 4.8 is that when the delay de larations imply that the derivations are input- onsuming (modulo ), then one
an determine from the model-theoreti semanti s whether a query is bound to
deadlo k or not.
Let us rst establish some simple notation. In this se tion we assume that
programs are augmented with delay de larations, and we say that a derivation
respe ts the delay de larations if and only if every sele ted atom satis es the
orresponding delay de laration. As we have already stated in the introdu tion,
we say that a derivation deadlo ks if its last query ontains no sele table atom,
i.e., no atom whi h satis es the orresponding delay de larations.

Notation 5.1 Let P be a program and A be a query.
 We say that P [ fAg is input- onsuming orre t i every SLD-derivation
of P [ fAg whi h respe ts the delay de larations is similar to an inputonsuming derivation.




We say that P [ fAg is input- onsuming omplete i every input- onsuming
derivation of P [ fAg respe ts the delay de larations.

[ fAg is bound to deadlo k if
every SLD-derivation of P [ fAg whi h respe ts the delay de lara-

We say that P
(i)

tions either fails or deadlo ks, and
(ii) there exists at least one non-failing SLD-derivation of P

[ fAg.

Example 5.2 Consider the program REVERSE of Example 3.3
reverse(Xs,Ys)
reverse a
reverse a

reverse a (Xs,Ys,[ ℄).

([ ℄,Ys,Ys).
([X|Xs℄,Ys,Zs)

reverse a (Xs,Ys,[X|Zs℄).

with modes
mode reverse(In,Out).
mode reverse a (In,Out,In).

and delay de larations
delay reverse(X, ) until nonvar(X).
delay reverse a (X, , ) until nonvar(X).

REVERSE [ freverse(s,Z )g is input- onsuming orre t and omplete provided that Z is a variable disjoint from term s.

Example 5.3 Consider now the program APPEND augmented with its delay
de laration of the introdu tion.



APPEND [ fappend(s,t,Z )g is input- onsuming orre t and omplete pro-

vided that
and t.

Z

is a variable disjoint from the possibly non-ground terms
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s



APPEND [ fappend([X,b℄,Y,Z)g has an input- onsuming su essful derivation (see Example 4.10) and is input- onsuming omplete. Then, we an
state that APPEND [ fappend([X,b℄,Y,Z)g is not bound to deadlo k.

Consider now the ni ely-moded query append(X,Y,Z). Sin e S (APPEND) ontains instan es of it, by Theorem 2.8, append(X,Y,Z) has at least one su essful SLD-derivation. Thus, it does not fail. On the other hand, every atom in
S (APPEND) is { in its input positions { a proper instan e of append(X,Y,Z). Thus
by Theorem 4.8, append(X,Y,Z) has no input- onsuming su essful derivations.
Therefore, sin e APPEND [ fappend(Y,X,Z)g is input- onsuming orre t, we an
state that append(X,Y,Z) either has an in nite input- onsuming derivation or
it is bound to deadlo k. This fa t an be ni ely ombined with the fa t that
APPEND is input terminating [13℄, i.e., all its input- onsuming derivations starting in a ni ely-moded query are nite. In [13℄ we provided onditions whi h
guaranteed that a program is input terminating; these onditions easily allow
one to show that APPEND is input-terminating. Be ause of this, we an on lude
that



APPEND [ fappend(Y,X,Z)g is bound to deadlo k.

By simply formalizing this reasoning, we obtain the following result.

Theorem 5.4 Let
moded query. If
1.
2.
3.

P

be a well- and ni ely-moded program, and A be ni ely-

9 B 2 S (P ), su h that A uni es with B,
8 B 2 S (P ), if  = mgu (A; B) then jVIn  A
P [ fAg is input- onsuming- orre t,
(

)

is not a renaming for A,

then A either has an in nite SLD-derivation respe ting the delay de larations
or it is bound to deadlo k.
If in addition P is input-terminating then A is bound to deadlo k.

Proof. By 1. and Theorem 2.8, there exists at least one su essful SLDderivation of P [ fAg. By 2. and Theorem 4.8 there is no su essful inputonsuming derivation of P [ fAg. Thus, by 3., there is no su essful SLDderivation of P [ fAg whi h respe ts the delay de larations. Hen e, A either

has an in nite SLD-derivation respe ting the delay de larations or it is bound
to deadlo k.
Moreover, if P is input-terminating then there annot exist an in nite SLDderivation respe ting the delay de larations for P [ fAg; hen e A must be
bound to deadlo k.
Let us see more examples.

Example 5.5 Let us ontinue to dis uss the program APPEND above. Using
Theorem 5.4, we an state that
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APPEND [ fappend(Y,[X,b℄,Z)g either has an in nite derivation or it is

bound to deadlo k.

Sin e APPEND is input terminating [13℄, we an also say that



APPEND [ fappend(Y,[X,b℄,Z)g is bound to deadlo k.

Example 5.6 Let us now onsider program 15.3 from [23℄: QUICKSORT using a
form of di eren e-lists.
% qui ksort(Xs,Ys)
qui ksort(Xs,Ys)

Ys is an ordered permutation of Xs.
qui ksort dl(Xs,Ys,[℄).

qui ksort dl([X|Xs℄,Ys,Zs)
partition(Xs,X,Littles,Bigs),
% atom a1
qui ksort dl(Littles,Ys,[X|Ys1℄),
qui ksort dl(Bigs,Ys1,Zs).
% atom a2
qui ksort dl([℄,Xs,Xs).
partition([X|Xs℄,Y,[X|Ls℄,Bs)
partition(Xs,Y,Ls,Bs).
partition([X|Xs℄,Y,Ls,[X|Bs℄)
partition(Xs,Y,Ls,Bs).
partition([℄,Y,[℄,[℄).

X =< Y,
X > Y,

with the modes
mode
mode
mode
mode
mode

qui ksort(In, Out).
qui ksort dl(In, Out, In).
partition(In, In, Out, Out).
=<(In, In).
>(In, In).

This program is permutation well- and ni ely-moded (it be omes well-moded
by permuting atoms a1 and a2 in the body of the se ond lause). When used
in ombination with dynami s heduling, the standard delay de larations for it
are the following ones:
delay
delay
delay
delay
delay

qui ksort(Xs, ) until nonvar(Xs)
qui ksort dl(Xs, , ) until nonvar(Xs)
partition(Xs, , , ) until nonvar(Xs)
=<(X,Y) until ground(X) and ground(Y)
>(X,Y) until ground(X) and ground(Y)

While the rst three de larations are meant to avoid nontermination and to
in rease eÆ ien y, the last two are needed to avoid runtime errors: in fa t omparison predi ates have to be alled with both arguments ground, otherwise an
ex eption o urs. One an naturally assume that the semanti s of the builtins > and =< is given by the set of ground atoms f>(a,b) j a larger than bg
together with f=<(a,b) j a smaller or equal than bg. The fa t that this semanti s is ground and that both arguments of both predi ates are input re e ts that
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these predi ates have to be alled with ground arguments. Under these assumptions, the S -semanti s of the program restri ted to the predi ates qui ksort
and qui ksort dl, ontains all and only all the atoms of the form



qui ksort(s,t), where s is a ground list and t is an ordered permutation



qui ksort dl(s,t,u), where s is a ground list and t is an ordered permutation of s with u appended to t.

of s;

Observe that, if the terms lling in the input positions of an atom are variable
disjoint from those lling in the output positions of the same atom, then the
input annot be ome instantiated as a \side e e t" of the instantiation of the
output. Hen e, we an prove that



if s and t are variable disjoint terms then QUICKSORT [ fqui ksort(s; t)g
is input- onsuming orre t;



if t is variable disjoint from s and u then QUICKSORT [ fqui ksort dl(s; t; u)g
is input- onsuming orre t.

By applying Theorem 4.8 it follows that



the query qui ksort(s,t) is not bound to deadlo k provided that
list of ground terms;



qui ksort dl(s,X ,t) is not bound to deadlo k provided that
of ground terms and X is a variable disjoint from t.

s

s

is a

is a list

One might wonder why in order to talk about deadlo k we went ba k to
programs using delay de larations. The ru ial point here lies in the di eren e between resolvability - via an input- onsuming derivation step - (used in
input- onsuming programs) and sele tability (used in programs using delay de larations). When resolvability does not redu e to sele tability, we annot talk
about (the usual de nition of) deadlo king derivation.
Consider the following program, where all atom positions are moded as input.
p(X)
p(a).
q(b).

q(a).

There are no delay de larations with respe t to whi h this program is inputonsuming omplete. In fa t, there are two input- onsuming derivations starting
in p(X): one fails while the other one deadlo ks. This does not orrespond to
the usual notion of deadlo k: an atom annot simultaneously be sele table and
deadlo ked.
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6

Con luding Remarks

We have shown that { under some synta ti restri tions { the S -semanti s ree ts the operational semanti s also when programs are input- onsuming. The
S -semanti s is a denotational semanti s whi h enjoys a model-theoreti al reading.
The relevan e of the results is due to the fa t that input- onsuming programs
often allow to model the behavior of programs employing delay de larations;
hen e for a large number of programs employing dynami s heduling there exists
a de larative semanti s whi h is equivalent to the operational one.
A related work is the one of Apt and Luitjes [5℄. The ru ial di eren e
between this approa h and our is that in [5℄ onditions whi h ensure that the
queries are deadlo k-free are employed. Under these ir umstan es the equivalen e between the operational and the Herbrand semanti s follows. On the
other hand, the lass of queries we onsider here (the ni ely-moded ones) inludes many whi h would \deadlo k" (e.g., append(X,Y,Z)). In many ases
we apture this behavior by using Theorem 4.8 whi h an tell us if a query is
\suÆ iently instantiated" to yield a su ess or if it is bound to deadlo k.
Con erning the restri tiveness of the synta ti on epts we use here (welland ni ely-moded programs and queries) we want to mention that [24, 13℄ both
ontain mini-surveys of programs indi ating whether they are well- and ni elymoded or not. From them, it appears that most \usual" programs satisfy both
de nitions.
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A

Appendix

In this appendix we report the proof of Lemma 4.3. Let us rst introdu e some
preliminaries.

De nition A.1 Let  = fx1 =y1; : : : ; xn =yn g be a renaming for a term t. We
de ne



as the pure variable 1-1 substitution fy1 =x1 ; : : : ; yn =xn g.

Observe that:





The substitution fx1 =y1 ; : : : ; xn =yn ; y1 =x1 ; : : : ; yn =xn g is a renaming.
If  is a renaming for a term t then



is a renaming for the term t.

(  )jDom () = .

The following properties hold.

Lemma A.2 Let Q be a query.

(i) If Q is an atomi query then VIn  (Q) = Var (In (Q)).

(ii) For any pre x Q0 of Q, VIn  (Q0 )  VIn  (Q).

(iii) For any substitution , VIn  (Q)  Var (VIn  (Q)).
(iv) For any substitution , Var (Out (Q)) = Var (Out (Q)).
We an now prove Lemma 4.3.

Lemma 4.3 Let P be a well-moded program, Q be a query and Æ := Q ! Q0
be a partial LD-derivation of P [ fQg. If jVIn  (Q) is a renaming for Q then Æ
is similar to an input- onsuming partial (LD-) derivation.
Proof. We rst state the following fa ts.

Claim 1 Let  be a substitution, S be a set of variables and t be a term su h
that jS is a renaming for t. Suppose that  := 1 2 . Then, 1jS is a renaming
for t.
Claim 2 Let  be a substitution, S be a set of variables and t be a term su h
that jS is a renaming for t. Suppose that  := 1 2 . Let S 0 = fx 2 S j x 62
Dom (1 )g. Then, 2jRan (1jS )[S 0 is a renaming for t1 .
The proof pro eeds by indu tion on len (Æ ).
Base Case. Let len (Æ ) = 0. In this ase Q = Q0 and the result follows
trivially.
Indu tion step. Let len (Æ ) > 0. Suppose that Q := p(s; t); C and
Æ

1
(B; C)1
:= p(s; t); C =)
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! Q0

2

where p(s; t) is the sele ted atom of Q, := p(u; v)
B is the input lause
used in the rst derivation step, 1 is a relevant mgu of p(s; t) and p(u; v) and
 = 1 2 .
By the Lemma's hypotheses and Claim 1, it follows that 1jVIn  (Q) is a renaming for Q. Observe that
Var (s) = Var (In (p(s; t)))
= VIn  (p(s; t))
by Lemma A.2 (i)
 VIn  (Q)
by Lemma A.2 (ii):

By relevan e of 1 , 1jVIn  (Q) = 1js . Let 1js = fx1 =y1 ; : : : ; xn =yn g. Note
that fx1 ; : : : ; xn ; y1 ; : : : ; yn g is a set of distin t variables. Consider the renaming
 = fx1 =y1 ; : : : ; xn =yn ; y1 =x1 ; : : : ; yn =xn g. Sin e Var ()  Var (1 ), the substitution 1  is a relevant mgu of p(s; t) and p(u; v) (see [11℄, Lemma 2.23).
It is easy to see that 1  = 1 (1js ). Let 10 = 1 (1js ). We have that s10 =
s1 (1js) = s. Therefore,
(1)

0

1
=)
(B; C)10
is an input- onsuming LD-derivation step.

p(s; t); C

Sin e 1js is a renaming for Q and, by standardization apart, Var (B) \
Var (Q) = ;, we have that 1js is a renaming for (B; C). Hen e, (1 )jS where S
is the set of variables fxj x 2 Var ((B; C)1 ) and x 2 Ran (1js )g, is a renaming
for (B; C)1 . Now observe that (B; C)10 = (B; C)1 (1js ) = (B; C)1 (1 )jS .
Therefore, (B; C)10 is a variant of (B; C)1 . By Lemma 2.2, there exists a
20
2
partial LD-derivation (B; C)10 !
Q00 similar to (B; C)1 ! Q0 . It follows
that
(2)

0

0

1
2
=)
(B; C)10 !
Q00
is an LD-derivation of P [ fQg that is similar to Æ .

p(s; t); C

Let 0 = 10 20 . By Lemma 2.3, Q and Q0 are variants of ea h other.
Consider now the set S 0 = VIn  ((B; C)10 ). We prove that 20 jS 0 is a renaming for (B; C)10 . Let x 2 S 0 . There are two ases.
(a) x 2 VIn  (B10 ). By Lemma A.2 (iii), VIn  (B10 )  Var (VIn  (B)10 ).
Then, there exists z 2 VIn  (B) su h that x 2 Var (z10 ). By well-modedness
of := p(u; v)
B, z 2 Var (u). Sin e u10 = s10 , we have that there exists
y 2 Var (s), i.e., y 2 VIn  (Q), su h that x 2 Var (y10 ).
(b) x 2 VIn  (C10 ) and x 62 Var (Out (B10 )). We distinguish two ases.
(b1) x 2 Var (t10 ). From the fa t that t10 = v10 , we have that x 2 Var (v10 ),
i.e., there exists z 2 Var (v) su h that x 2 Var (z10 ). Sin e z o urs in an output
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position of the head of := p(u; v)
B and is well-moded, we have that
either z 2 Var (Out (B)) or z 2 Var (u). Let us distinguish these two ases.
(b11) z 2 Var (Out (B)). In this ase x 2 Var (z10 )  Var (Out (B10 )). However, this ontradi ts the hypothesis that x 62 Var (Out (B10 )).
(b12) z 2 Var (u). In this ase, sin e u10 = s10 , we have that x 2 Var (s10 ).
Hen e, there exists y 2 Var (s), i.e., y 2 VIn  (Q), su h that x 2 Var (y10 ).
(b2) x 62 Var (t10 ). By Lemma A.2 (iii), VIn  (C10 )  Var (VIn  (C)10 ).
Thus, there exists y 2 VIn  (C) su h that x 2 Var (y10 ). Note that y 62 Var (t),
otherwise we would have x 2 Var (t10 ) ontradi ting the hypothesis. Hen e,

y 2 VIn (Q).
We have proved that
(3) for all x 2 S 0 , there exists y 2 VIn  (Q) su h that x 2 Var (y10 ).
From the fa t that Q and Q0 are variants of ea h other and jVIn  (Q) is a
renaming for Q, it follows that also j0VIn  (Q) is a renaming for Q.
Let S 00 = fx 2 VIn  (Q)j x 62 Dom (10 )g. By Claim 2, 20 jRan (0  )[S 00 is a
1j
(Q)
renaming for Q10 . By (3), S 0  Ran (10 jVIn  (Q) ) [ S 00 . Hen e, by standardization
apart, 20 jS 0 is a renaming for (B; C)10 . By the indu tion hypothesis, there exists
a partial LD-derivation
VIn

(B; C)10

(4)

200

! Q000

whi h is similar to (B; C)10

20

! Q00 and it is input- onsuming.

Hen e, by (1), (2) and (4),
Æ0

0

1
:= p(s; t); C =)
(B; C)10

200

! Q000
is an input- onsuming partial LD-derivation of P [ fQg su h that Æ and Æ 0 are
similar.
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